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Abst rac t - - In  this paper, we study the oscillatory and asymptotic behavior of solutions of higher- 
order neutral nonlinear difference quation of the form 
We obtain some necessary and sufficient conditions for all bounded solutions of (E) to be oscillatory 
and for (E) to have a nonoscillatory solution of special form. © 1998 Elsevier Science Ltd. All rights 
reserved. 
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1. INTRODUCTION 
Recently, there has been some activity concerning the oscillatory and asymptotic behavior of 
solutions of delay difference quations. See, for example, [1-13] and the references cited therein. 
Consider a higher-order neutral nonlinear difference quation of the form 
(1) 
where n E N(no) = (n0 + 1, no + 2, . . .  } (no is a fixed nonnegative integer), and A is the forward 
difference operator defined by Axn = Xn+l - xn. Moreover, T is a positive integer, d > 0 is 
an integer, ~ is a quotient of odd positive integers, a is a nonnegative integer, 0 <_ p~ < 1, and 
{rn}n°~=,~ o is a positive sequence. We further assume that for any n E N(no), f is continuous in x 
for x E R. 
The purpose of this paper is to give some necessary and sufficient conditions for existence of 
nonoscillatory solutions of (1) in the case xf(n ,  x) > 0 for x ~ 0, and n E N(no). Our technique 
is an extension of the methods employed in the work of Li and Cheng [4] for second-order neutral 
difference quations, and Li [14] for second-order differential equations (d = 1), which is different 
from those of [1,2,6,13]. When Pn = O, the results obtained here include and improve some; results 
in [1,6,11,13]. For second-order difference quations, related papers are [3,4,6-12]. 
Hereafter, the term "solution" of (1) is used to denote a real sequence {xn} satisfying (1) 
for which supn>m Ixn] > 0 for any m E N(no). We assume that equation (1) always has such 
solutions. A solution of (1) is called nonoscillatory if it is eventually positive or eventually 
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negative. Otherwise, it is called oscillatory. Equation (1) is called oscillatory if all its solutions 
are oscillatory. 
We define Ro = (~']n~=no 1/rn) 1/6 and N(s)  = {s, s + 1, s + 2, . . .  } for s 6 N(no). We also make 
use of the following conditions (H). 
(H1) Xnf(n, Xn) > 0 for n 6 N(no), f (n,  xl)  >_ f (n,  x2) for xt _> x2 > 0 or xl _< x2 < 0, 
n 6 N(no). 
(H2) O<_pn <_p<l .  
We need the following useful lemmas, which were obtained by Zhou and Yan [1,2], Li and 
Zhang [3], and Li and Cheng [4], respectively. 
LEMMA A. (See [1,2].) I[ {un) is bounded and is of fixed sign and u,  Aaun >_ 0 for d > 1, then 
(a) for d even, ( -1) JunAJun > 0 for j = 1, 2 , . . . ,  d; 
(b) t'or d odd, ( -1) JunAJun < 0 for j = 1, 2 , . . . ,  d; 
(c) limn-~oo AJun = 0 for j = 1, 2 , . . . ,  d - 1. 
LEMMA B. (See [1,2].) I f  {un} is bounded and is of fixed sign and u,~AdUn < 0 for d > 1, then 
(a) for d even, (--1)JunAJun <_ 0 for j = 1, 2 , . . . ,  d; 
(b) for d odd, (-1)JUnAJUn > 0 for j = 1,2, . . .  ,d; 
(c) limn-.c~ AJUn = 0 fo r j  = 1 ,2 , . . . ,d -  1. 
LEMMA C. (See [3,4].) Suppose that 0 <_ Pn < P < 1, xn > O(xn < 0), and {Yn} is defined by 
Yn = xn - pnxn-r.  (2) 
(a) I f  limn-,oo Pn = PO, l imn-~ Yn = a([a[ < c~), then l imn-~ Xn = a/(1 -P0).  
(b) I f l imn-~ Yn = +¢X)(--O0), then limn-oo xn = +oo(-oo). 
2. THE CASE R0 = +co 
LEMMA 1. Suppose that (H) holds. Let {Xn} be an eventually positive (negative) solution of (1) 
and let {Yn} be defined by (2). / f  lim suPn_oo Ixnl > 0, then {Yn} is eventually positive (negative). 
PROOF. Let {xn} be an eventually positive solution of (1) and let {Yn} be its associated sequence 
defined by (2). Then, the fact that 
for all large n, implies that {Adyn} is of constant positive or constant negative sign eventually. 
This fact, in turn, implies that {Yn) is eventually positive or eventually negative. 
Assume that lim SUpn._.c~ Xn > 0, then Yn > 0 eventually. If not, we have Yn < 0 for all large n. 
If {Xn} is unbounded, then there exists a sequence {nk} of integers which tends to infinity and 
= max xn, 
Xnk no <_n<_nk 
such that limk-.oo xnk = +oo. Then, from (2), we have 
Yn~ = Xnk - pn~ x,k-~" >- xnk (1 - P). 
From the above inequality, we obtain limk-~m Yn~ = +c~. This is a contradiction. If {xn} is 
bounded, then there is a sequence {nk} of integers which tends to infinity such that 
lim Xnk = lim sup x ,  = L > 0. 
k- -~ n--*oo 
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Since limk-~oo Xn~-r <_ L, then 
O> lim Ynk >L(1-p)  >0.  
- -  k -.*o0 
This is also a contradiction and the proof is complete. 
LEMMA 2. Suppose that (H) holds. Let {xn} be an eventually positive (negative) solution 
of (1) with limsupn_..oox n > 0( l imsupn_~( -x~)  > 0) and let {Yn} be defined by (2). Then 
ynAdyn > 0 eventually. 
PROOF. Without loss of generality, we may assume that xn > 0, for all n • N(no). The proof 
of case xn < 0 is similar. Since l imsup~_~ x~ > 0, by Lemma 1, we have y~ > 0 for all large 
n • N(n l ) ,  where nl • N(no). 
By (1) and condition (H1), 
rnq-1 (Adyn+l )  6 < rn (Adyn)  5 , 
for n • N(n l ) .  Hence, 
that is 
(rn~ ~ 1/~ 
Ady n < - -  Adynt, 
\ rn  J 
for n • N(n l  + 1). 
If Adyn~ <_ O, then Adyn < 0 for n ~ N(no + 1). From (3), we have 
(3) 
j=n l+ l  \ rj ] 
(4) 
. - x  )1/~ for n • N(nx + 1). By (4) and in view of ~'~j=nl+l(rnl/rj --* oo as n ~ oo, we obtain that 
Ad- lyn ~ --00 as n ~ oo. So, it is easy to see that y~ < 0 for all large n. This contradicts the 
fact that Yn > 0 for n • N(nl ) .  
Next we consider the case Adynl > 0. By the proof of Lemma 1, we know that {Adyn} is of 
constant positive or constant negative sign eventually. Hence, Ady n > 0 for n > nl. The proof 
is complete. 
We remark that Lemma 2 is an extension of Lemma 1 of Zhou and Yan [1]. 
THEOREM 1. I f  (H) holds, limn--,oopn = Po, then every bounded solution of (1) is oscillatory or 
tends to zero if and only if 
~ n d-1 r~ 1 If(j,c)l =+c~, (5) 
n~no 3~n 
for all c ~ O. 
PROOF. Sufficiency. Suppose that equation (1) has a bounded nonoscillatory positive solu- 
tion {xn} which satisfies limsupn_.oo xn > 0. By Lemma 1, the sequence {Yn} defined by (2) is 
eventually positive. Then there exists nl E N(no) such that y~ > 0 for n E N(nl ) .  In view of 
Lemma 2, we have Adyn > 0 for n E N(nl ) .  From this and Lemrna A, for n • N(n l ) ,  
d i sodd , ( -1 ) JA Jyn  <O, j= l ,2 , . . . ,d  and lira AJyn=O , j= l ,2 , . . . ,d -1 ,  (61) 
n'* O0 
d iseven , ( -1 ) JA Jyn>O,  j= l ,2 , . . . ,d  and lim AJyn-~O, j= l ,2  . . . .  ,d -1 .  (62) 
n--'*OO 
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If (61) holds, from Ayn _> 0 and Yn > 0 for n • N(nl), and noting that boundedness of {Yn}, 
y. = ~. (7) 
we know that there exists a > 0 such that 
lim 
r/,'-~ (X) 
By (1), 
s -1  
rs (Aays) ~ - r~ (Adyn) ' = -- E f (j, xj_a), 
j=n 
115 
, (8) 
I fd  = 
for s • N(n + 1). Since Adys > 0, we have 
rn j=n 
for n • N(nl). Denote G(n) 1 oo = ( Irn Ej=n f(J, xJ-~)) 1/~" 
Ay~ > 0 for n • N(nl). Using (8), we obtain 
1/5 
Aye>_ l~f ( j , x~_~)  
and )1, 
n--1 1 oo 
y~ > ~ f (J, ~j -~) 
1, by Lemma 2, we have 
Since {Yn} is increasing and bounded, and limn-,oo = a > 0, then there exists n2 E N(nl) such 
that a /2  _< Yn <_ a for n • N(n2), and 
~--n~ ~ : f (J' <+~" 
Next we consider the case d > 1. Summing (8) and by (61), we have 
Ad-lyn < - E G(i), n • N(nl). 
Using the same arguments as above, we have 
Ay,~ >_ ~_, ~_. . . .  ~_ .a ( i )  
id--2~n id--3~gd--2 $=i  1 
= ~ ( i -  n + 1) ( i -  n +2) . - . ( i -  n +d-  2)G(i ) _= H(n), 
,=n (d - 2)! 
for n E N(nl). Furthermore, 
S- -1  
ys - y,, __ ~ H(k), n • g (n l ) .  
k-~n 
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By (7), it follows that, for n E N(n:) ,  
oo 
yn<_a-EH(k)  
k=n 
(k -  n + 1) (k -n+2) . . . (k -  n +d-  I) 
k=n 
(d -  I)! 
o~ 
i Ef ( j ,  xi_~, ) , 
j=k 
(9) 
and that there exists n2 E N(nl ) ,  such that a /2  <_ y~ _< a for n E N(n2). Clearly, 
-~(k -n+l ) . . . (k -n+d-1)  
k=n 
(d- :)! 
--~ (k -n+l ) . . . (k -n+d-1)  
> (d -  I)! 
k=2n 
oo 
1 
> (d -  1)!2 d-1 E kd-: '  n E N(n2). 
k=2n 
(10) 
Since (H) holds and Yn <_ Xn, we see that 
(~) f 3 ,~ <f ( j ,  y j _~)<f ( j ,  x j_~),  jEN(n2) .  (::) 
By (9)-(11), we have 
( ))"' 
]¢d-1 7"k lE f  J '7  < +CX~, 
k=2n \ j=k  
n E N(n2). 
This contradicts hypothesis (5). 
If (62) holds, from Ayn <_ 0 and Yn > 0 for n E N(nl) ,  we know that there exists a _> 0 such 
that limn-.c¢ Yn = a >- 0. If a = 0, by the part (a) of Lemma C, we have limn-~oo xn = 0, which 
contradicts the fact that limsup~_.oo xn > 0. Hence, a > 0. Using the same arguments as (61), 
we can obtain a contradiction. 
Necess i ty .  Suppose that (5) does not hold for some c > 0. A similar argument can be applied 
if c < 0. Choosing A > 0 such that 0 < A < (1 - p)c. Since (5) does not hold, then there exists 
an n: E N(no) such that for n E N(nl ) ,  
i ~ .  (k - n:  + i ) . .  (k - n :  + e - i )  i X-" A q'-Pn"{- - fU, C) Z.., Z..., c c (d -  1)! 
k=nl j=k 
< 1, (12) 
for n E N(nl ) .  Define an operator F as 
(Fx),~ = p,~Xn-, + (1 - p)A 
oo 
+E (k -n+l ) . . . (k -n+d-1)  
k=n (d - 1)! 
),,, 
-~k f ( j' x j - ,, ) , n E N(n l )  
and 
(Fx)n = (Fx)nl,  no < n < n:, 
and let xln = 0, x/n +1 = (Fxi)n, n E N(no), i = 1, 2 , . . . .  By (H:) and induction, it is easy to see 
that 
< X i+l O < x n_  n , n E N(n : ) ,  i=1 ,2 , . . . .  
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< c. It follows from (12) and 0 < 1 - < 1 2 < c, n E N(no). Assume x,` On the other hand, x,` _ p 
that 
x~ +I_<(1-p)A+cp,`+E (k -n l+ l ) . . . (k -n l+d-1)  1 oo 
k=,` (d - 1)! f ( j ,  c) 
1/6 
< A + c-p,, + (k - nl + 1). . .  (k - nl + d - 1) 1 ~ f ( j ,  c) 
k--,` (d - 1)! ~k ~=k 
~C 
<c.  
@ l~-~(k-nlq-1)...(k-nl+d-1) 
+P,` +-  c i7.' 
k~n 
1 ~_, f ( j , c  
~k j=k  
< c for n E N(no), i 1 ,2 , . . . .  Let By induction, we have x n = 
lim x n = xn, n E N (no). 
i -..-* oo 
Using Lebesgue's dominated convergence theorem, we obtain 
* = (Fx* ) , `  n E N (no) .  Xn 
It is easy to see that {x~} is a positive solution of (1), because (1 - p)A < x,` <_ c. The proof is 
complete. 
COROLLARY 1. I f  (H1) holds and Pn = O, then we have the following. 
(i) For d odd, every bounded solution of (1) is oscillatory if and only if (5) holds. 
(ii) For d even, every bounded solution of (1) oscillatory or monotonically tends to zero if and 
only if (5) holds. 
PROOF. Necessity.  Since the proof is similar to that of Theorem 1, it will be omitted here. 
Suff ic iency. Suppose that equation (1) has a bounded nonoscillatory positive solution {xn}. By 
Lemma 2, we have Adxn ) 0 for n E N(no). Similar to the proof of Theorem 1, we see that (61) 
and (6~) hold. 
If d is odd, then (61) holds. It follows that Axn _> 0 for all large n, and 
lim Xn = a > O. 
n--~OO 
Repeating the proof of Theorem 1, we can conclude our result. 
If d is even, then (62) holds. Hence, Axn _< 0 for all large n, {x,`) is monotonic, and 
lim x,~=a___0. 
n--~OO 
The other proof is quite similar to that of Theorem 1 and will be omitted. The proof is complete. 
We remark that Theorem 1 is an extension of Theorem 1 in [1] and Theorem 6 in [6]. In 
particular, if a = 1, Pn = 0, and d = 3, then Theorem 1 also concludes Theorems 2-4 of Yan and 
Liu [13]. 
Nonlinear Difference Equations 7 
4. THE CASE R0 < +co 
In this section, we always assume that R0 < +oo. 
THEOREM 2. Suppose that (H) holds, lim~-~oo p,~ = pore, and that 
oo  
I f ( j ,c) l  = +oo, (13) 
for all c ~ O, then a necessary and sufficient condition for (1) to have a nonoscillatory solution {x~} 
which satisfies that limn-~oo xn = a ~ 0 is that 
oo ( n-1 ) 11~ 
r-1 ,, I . fO, +~,  (14) n<,-, Z a)l < 
n=no \ j=s 
for some a ¢ 0 and s E N(no). 
PROOF. Without loss of generality, we assume that d is even. The proof of other cases for d is 
similar. 
Necessi ty.  Suppose that equation (1) has a bounded nonoscillatory positive solution {x~} which 
satisfies limn--.oo x~ = a > 0. By (2), we have limn-~oo Yn = ~/1 -P0  := 13 > 0. Then, there exist 
two positive constants a l ,  a2 and an integer nl E N(no) such that al  _< y~ <_ ~2 for n E N(nl). 
From (1), we have 
r~--I 
",, (AdY,,) = "- ,  - Z f (15) 
Since (Hi) holds, then 
f (j,x~_<,) >_ f (j, yj_o) > f (j, oq), 
for j E N(nl + a). It follows from (13) and (15) that there exists n2 E N(nl) such that 
for n E N(n2). Therefore, by Lemma B, 
(-1) JAJyn < 0, j  = 1 ,2 , . . . ,d  
From (1), we obtain 
Adyn < 0, 
and lira AJy , ,=O, j= l ,2 , . . . ,d -1 .  
n--~OO 
1/,$ 
Adyn - t rn j=n2 
for n E N(n2 + a). Using the same arguments as Theorem 1, we can obtain that 
yn<~_~(k-n+l)(k-n+2).. .(k-n+d-1)  
k=n (d-  1)! -~k . ~ f (j, xj-a) 
3~n2 
for n E N(n2 + a). Furthermore, we can see that (14) holds if (H) is satisfied. 
Suff ic iency. Suppose that (14) holds for a > 0. A similar argument can be applied if a < 0. 
Choosing A > 0 such that 0 < A < (1 -p )a .  Since (14) holds, then there exists an nl E N(no) 
such that for n E N(n l )  
A+pn+l  ~ (k -n l+ l ) . . . (k -n l+d-1)  [1  ~k-1 f(J,a))l l~ < 1, (16) 
-~ a (d - 1)! ~ ~__~, 
k----nl t 
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for n • N(n l ) .  Define an operator  F as 
co  
(Fx )n  = pnXn- r  + (1 -  p )A  + E (k - n + l )  . . . (k - n + d -1)  
k=n (d -  1)! 
x f (j, xj_a 
and 
n • N(n l ) ,  
(Fx )n  = (Fx)m,  no <_ n < n l ,  
1 O, xin +1 = (Fx i ) , ,  n • N(no) ,  i -- 1 ,2 , . . . .  By (HI) and induction, it is easy to see and let x n -- 
that  
i < x/+l ,  0 < x n _ n • N(no) ,  i = 1 ,2 , . . . .  
2 < a, n • N(no) .  It follows from (16) that  On the other hand, x n
x~ +l<a +Pn+~l (k-nl+l)...(d_(kl)!-nl+d-1) ~1 ~/(j,a) 
k=n j=nl 
~_a. 
i _< a for n • N(no) ,  i 1 ,2 , . . . .  Let By induction, we have x n = 
i • lim x n = xn,  n • N (no). 
i - - -+~ 
Using Lebesgue's dominated convergence theorem, we obtain 
x n* = (Fx* )n  , n • N (no) .  
It is easy to see that  (x~} is a positive solution of (1), because (1 - p)A  <_ xn <_ a. The proof is 
complete. 
We remark that  Theorem 2 is an extension of Theorem 3 in [1,4]. 
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